By applying the spectral decomposition of a submanifold of a Euclidean space, we derive several sharp geometric inequalities which provide us some best possible relations between volume, center of mass, circumscribed radius, inscribed radius, order, and mean curvature of the submanifold. Several of our results sharpen some well-known geometric inequalities.
Introduction
Let M be a compact Riemannian manifold (without boundary) and denote by ∆ the Laplace operator of M acting as a differential operator on C ∞ M, the space of all smooth functions on M. We can define a metric on C ∞ M by (f, g) = M fgdA, where dA is the volume form of M. It is well-known that ∆ is a self-adjoint differential operator on C ∞ M which has an infinite discrete sequence of eigenvalues 0 = λ 0 < λ 1 < λ 2 < . . . < λ k < . . . +∞. For each i ∈ N the eigenspace V i corresponding to the eigenvalue λ i has finite dimension. The eigenspaces are mutually orthogonal and their sum is dense in C ∞ M. So one can make a spectral decomposition f = f 0 + ∞ i=1 f i , for each real differentiable function f on M, where f 0 is a constant and ∆f i = λ i f i for i ≥ 0. The set T (f) = {i ∈ N 0 |f i = 0} is called the type of f; f is said to be of finite type if T (f) is a finite set. Otherwise, f is said to be of infinite type. The smallest element in T (f) is called the lower order of f, denoted by l.o.(f); the supremum of T (f) is called the upper order of f, denoted by u.o.(f). The function f is said to be of k-type if T (f) contains exactly k elements.
For an isometric immersion
where x A is the A-th Euclidean coordinate function of M in E m . For each x A we have
where A ranges among all A such that x A − (x A ) 0 = 0. It is easy to see that p and q are well-defined geometric invariants such that p is a positive integer and q is either an integer ≥ p or ∞. We call the pair [p, q] the order of the submanifold; in particular, p and q are called the lower order and the upper order of M, respectively. We define T (x) by T (x) = {t ∈ N 0 : x t = 0}. The submanifold M is said to be of k-type if T (x) contains exactly k elements and M is of finite type if T (x) contains finitely many elements (cf. [1, 10] for details). By using the above notation we have the following spectral decomposition of x in vector form:
For simplicity, we put c = |x 0 |. In [1, 2] the first-named author used the spectral decomposition (1.1) to obtain some geometric inequalities. In this article, we obtain further geometric inequalities also by utilizing the spectral decomposition. Our results provide several best possible relations between the volume, the center of mass, the circumscribed radius, the inscribed radius, the order, and the mean curvature of the submanifold. Since ||x 0 || 2 = c 2 V , (2.1) implies the lemma.
By using the spectral decomposition (1.1), we may obtain the following.
with any one of the equalities holding if and only if M is contained in the hypersphere
S 0 (R) and M is of 1-type. (ii) If M is contained in E m − B 0 (r), then (2.3) λ p n 2 (r 2 − c 2 )V ≤ M |H| 2 dV ≤ λ q n 2 (R 2 − c 2 )V,where [p, q] is the order of M in E m .
Either equality of (2.3) holds if and only if M lies in a hypersphere centered at the origin and M is of 1-type.
Proof For any integer B ≥ p, we put
Then we have
Thus, by the Schwartz inequality, we have
On the other hand, we have (cf. [1] )
Since (x, x) ≤ R 2 V , (2.5) implies (2.2) for k = 2. Now, by using Hölder's inequality, we find
, we obtain inequality (2.2). It is easy to see that the equality sign of (2.2) holds for some k = 2, · · · , n, if and only if M is contained in the hypersphere S 0 (R) and M is of 1-type.
For (2.2), we consider
which implies the first inequality of (2.2). The second inquality of (2.2) can be proved in a similar way. The remaining part can be verified easily.
Theorem 2 implies immediately the following. 
with equality holding if and only if M is a minimal submanifold of a hypersphere of
As immediate consequences of Proposition 4 we have the following. Corollary 5 Let M be the ellipsoid in E 3 defined by
Then the first nonzero eigenvalue of the Laplacian of M satisfies
(2.11) λ 1 ≤ 2/a 2 .
The equality sign of (2.11) holds if and only if M is a sphere, i.e., a = b = e.

Corollary 6 Let M be the anchor ring in E
3 defined by (2.12) x(u, v) = ((a + cos u) cos v, (a + cos u) cos v, sin u), < a.
Then the first nonzero eigenvalue of the Laplacian of M satisfies
As a generalization of Corollary 6, we give the following estimate of λ 1 for closed tubes. 
Theorem 7 Let σ be a closed curve in E 3 . Denote by σ 0 the center of mass of σ and by T (σ) the tube around σ with a radius . If σ is contained in
where H σ is the mean curvature vector of σ. Since 0 H σ ds = 0, (2.17) implies that the center of mass of the tube coincides with the center of mass of σ. Therefore, by applying Proposition 4, we obtain (r − ) 2 λ 1 ≤ 2. If (r − ) 2 λ 1 = 2, then the tube is of 1-type which is impossible. So, we obtain (2.14). (
where the equality holds if and only if M is contained in the hypersphere S 0 (R) and either M is of 1-type with order [1, 1] or [2, 2] , or M is of 2-type and of order [1, 2] . 
where the equality holds if and only if M is contained in the hypersphere S 0 (R) and M is either of 1-type or of 2-type.
Mean curvature of submanifolds of non-negative kind
Let x : M → E m be a finite type isometric immersion whose spectral decomposition is given by (4.1)
The immersion is said to be of non-negative kind if x i (u), x j (u) ≥ 0, for any i, j ∈ T (x) and u ∈ M. For submanifolds of non-negative kind, we have the following best possible pointwise estimate of the mean curvature.
where p is the lower order of M.
The equality of (3.2) holds identically if and only if M is a minimal submanifold of a hypersphere of E
m . Proof Let M be a submanifold of non-negative kind whose spectral decomposition is given by (3.1). If M is non-minimal, then
where T (x) is finite non-empty set. Thus, we have
Thus we get
Since p is the lower order of the submanifold, (3.3)-(3.7) and the Schwartz inequality imply
If the equality sign of (3.2) holds identically, then M is of 1-type. Since M is assumed to be a non-minimal submanifold of E m , a well-known result of Takahashi [9] implies that M is a minimal submanifold of a hypersphere of E m . The converse of this is easy to verify.
As an immediate consequence of Theorem 8, we obtain Corollary 9 Let x : M → E m be a compact submanifold of non-negative kind. Then, at each point of M, we have Now, we recall the notions of orthogonal, pointwise orthogonal, and linearly submanifolds introduced in [4] (see, also [3] ).
Let x : M → E m be an isometric immersion whose spectral decomposition is given by (3.1). For each i ∈ T (x), denote by E i the subspace of E m spanned by {x i (p), p ∈ M}. The submanifold M is said to be orthogonal (respectively, linearly independent) if the subspaces E i , i ∈ T (x), are mutually orthogonal (respectively, linearly independent). The submanifold is said to be pointwise orthogonal if, for each point u ∈ M, the vectors {x i (u), i ∈ T (x)} are mutually orthogonal.
There exist many examples of orthogonal submanifolds and linearly independent submanifolds in E m (cf. [3, 4, 5] details). Moreover, the class of pointwise orthogonal submanifolds is much wider than the class of orthogonal submanifolds. For example, every mass-symmetric spherical 2-type submanifold is pointwise orthogonal, although it is not orthogonal in general (cf. [3] ).
Since pointwise orthogonal submanifolds are of non-negative kind, Theorem 8 and Corollary 9 imply immediately the following. [4, 5] that an immersion x : M → E m is linearly independent if and only if it satisfies the Dillen-Pas-Verstraelen condition introduced in [6] , i.e., ∆x = Ax + B for some A ∈ R m×m and B ∈ R m . It is easy to see that a linearly independent immersion is of non-negative kind if and only if each entry of A is non-negative.
